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Hybrid-Mode Analysis of Coupled
Microstrip-Slot Resonators

KENJI KAWANO

Abstract —An advanced microwave and millimeter-wave integrated cir-

cuit element, that is, a coupled microstrip resonator with a tuning slot, or a

coupled microstrip-slot resonator, has been developed. As speciaf cases, a

microstrip-slot resonator, coupled microstrip resonator, and microstrfp

resonator have been investigated.

A hybrid-mode anafysis is presented for obtaining resonant frequencies.
It is basedupon Gaferkin’s method in the Forier transform domain. The

Green functions in this domain, which are versatile and applicable to other

microstrip-slot structures, are shown in simple form.

Computed resonant frequencies and measured resonant values are com-

pared for aluminum substrates in the 3-7-GHz frequency range.

I. INTRODUCTION

M

ICROSTRIP resonators are indispensable circuit ele-

ments for microwave and millimeter-wave integrated

circuits [1]. They have been analyzed by many authors

[2]-[5]. After microstrip resonators were analyzed by Itoh

[6], who used a hybrid-mode analysis in the Fourier trans-

form domain, the spectral-domain approach has been used

to successively solve various resonant structures [7]-[9].

Furthermore, Chew and Kong investigated resonant fre-

quencies of microstrip disk resonators through the

spectral-domain approach and perturbation theory [10].

Meanwhile, Aikawa has developed coupled microstrip

lines with tuning septums, which are useful for realization

of a tightly coupled directional coupler [11]. These struc-

tures, which include microstrip lines with tuning septums,

have been analyzed through the spectral-domain approach

[12] -[14].

However, to the best knowledge of the author, these

structures have not been introduced into resonators, al-

though they have been thought useful. To date, microstrips

and slots are located on only one surface of the substrate.

In this paper, a coupled microstrip resonator with a

tuning slot, namely, a coupled microstrip-slot resonator, is

presented as a circuit element for microwave and millime-

ter-wave integrated circuits. Such a structure is shown in

Fig. 1. This resonator has microstrips and a slot on each

side of the substrate. Furthermore, a hybrid-mode analysis

is presented for obtaining the resonant frequencies of this

resonator. It is based upon Galerkin’s method in the Four-

ier transform domain.
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As special cases, a microstrip-slot resonator, coupled

microstrip resonator, and microstrip resonator are also

investigated.

In Section II, the formulation process is described and

Green functions are derived. In Section III, computed

resonant frequencies are compared with measured values

for alumina substrates. Although the number of the basis

functions is small and functional forms are simple, it is

shown that both results agree relatively well.

II. ANALYTICAL METHOD

The hybrid-mode analysis based on Galerkin’s method

in the spectral domain is already conventional. As the

detailed analytical procedure is discussed in [6] and [15],

only a brief description will be given in this section. The

various analyzed microstrip-slot structures are shown in

Figs. 1 and 2. Fig. 1 shows a coupled microstrip-slot

resonator in which two microstrips of width 2 W~, length

2 X~, and separation 2S~, as well as a slot of width 2 W~

and length 2 XL, are located on each side of a substrate of

thickness D. Fig. 2 shows a rnicrostrip-slot resonator. It

was assumed that metals are infinitely thin and perfect

conductors, and the substrate material, whose permittivit y

and permeability are (, and p,., respectively, is lossless. It

was also assumed for simplicity that the structure is sym-

metric with respect to the y-axis.

The electromagnetic fields in the spectral domain are

expressed by the Fourier transformed scalar potentials. For

instance

izi(rz, y,p)=(k: -~ ’)~:(n,y,p) (la)

Ilzi(rz, y,/3)=(k~- /32) J~(n, y,~) (lb)

where subscript i designates each region defined as 1, 2,

and 3 in Figs. 1 and 2, and where

k: = ti’c,p, (2)

where u is the angular resonant frequency, and c, and p,

are the permittivity and permeability in region i, respec-

tively. ~ is the Fourier transform variable. ~e(n, y, /3) and

$~(n, y, ~) are the Fourier transformed electric and mag-

netic scalar potentials, respectively. Here, the Fourier

transformation is defined as follows:

~(n, ~,~) =j@ dz~A dx~(x, y, z)eJ(~.X+~’l (3)
—cc –A
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Fig. 1. Conceptualized external view of coupled rnicrostrip-slot reso-
nator and coordinate system.

where

{

(n-O.5)77
for Hz odd mode in x

k.= A’
n~

(4)

7’
for Hz even mode in x.

Applying the boundary conditions at shielding walls, the

Fourier transformed scalar potentials in (1) are derived

from the transformed Helmholtz equation. By substituting

the transformed fields, which include the scalar potentials

in the spectral domain, into the transformed boundary

conditions at interfaces at y = D and O, the following

matrix equation, which relates the electric field and current

density components, can be derived:

G1l(n, u,/3) G12(n, cd, /1) G13(n, ti, f3)

G21(n, L.),/3) G22(n, L.J,p) G23(n, Ld,p)

G31(n, ti, /?) G32(n, (.d,p) G33(n, @,p)

G’41(n, ti, ~) G42(n, ti, j3) (&(n,ti,j3)

where Gil, ” “ “, GM are the dyadic Green functions in the

Fourier transform domain. ~X(n, ~), ~Z(n, /3), .2X(n, /?),

and 2=( n, ~ ) are the Fourier transformed currents and

fields at y = D. iX(n,~), fz(n, ~), iX(n,~), and iz(n, ~)

are the same parameters at y = O. For instance

~,(n, fl) =~x’ dz~w’ dxJ,(x, z)ej(’nx’flz) (6)
– x’ – WR

where q = x and z, and JJx, z) is the strip current density

functions in the space domain.

Although the Green functions can be computed without

mathematical manipulation [16], [17], they have been ana-

lytically obtained in order to reduce computer time. Their

expressions are shown in the Appendix in simple form. It is

to be noted that ~11, 612, ~21, and ~22 are related to the

Fig. 2. Conceptualized external view of rnicrostrip-slot resonator and
coordinate system.

strip currents, and ~33, ~3d, ~d3, and GM are related to the

slot fields. Other Green functions represent the interactions

between the strip currents and slot fields. As these Green

functions are not explicit functions of resonator geometry,

they are versatile and applicable to various microstrip-slot

structures. Although, up to this point, the formulation has

been exact, some approximation is now necessary to solve

(5).

To this end, Galerkin’s method in the Fourier transform

domain has been chosen, which enables us to eliminate the

unknown electric field and current density functions,

@q(n, /3) and f~(n, /3). Let us expand the unknown strip

current density functions j~( n, ~ ) and slot field functions

~q(n, /3) in terms of known basis functions j~~(n, ~) and

E~~( n, B ), respectively.

~X(n, /3)

111

Zz(n, p)

J(n, p) @X(n, ~)

i?X(n, /3) = ix(n, p)
(5)

Z,(n, /1) iz(n, /3)

A. Top Substrate Surface (y= D)

~z(n,~)= fi b~~,~(n,~).
~=1

B. Bottom Substrate Surface (y = O)

M

(7a)

(7b)

(8a)

(8b)
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where am, bw, cm, and d~ areunknown expansion coeffi-

cients.

Substituting (7) and (8) into (5), and taking inner prod-

ucts with ~=l(n,~), ~Xi(n, /3), fiXi(n, ~), and ~,l(n,~),

respectively, a set of (K + L) X ( M + N) simultaneous

equations with (K + L) X ( M + N) unknown expansion

coefficients can be obtained

: D;;(Q)aM+ $ D);(ti)b~+ ~ D::(CJ)CM
~=1 ~=1 ~=1

+ i ~::(~)dm=o ~=l,z,... , L (9a)

~=1 ~=1 *=1

+ s%x@)L=o ~=l,z,... , K (9b)
~=~

+ i’m(~)~.=o i=l, z,... , M (9C)
~=1

m=l ~=1 ~=1

N

+ ~ DU(u)d. =O 1=1,2,... , N (9d)
~=1

where one typical matrix element is given by

D12(CJ)= ~ j~ dP]z, (n, B) GIZ(~>~>B)~zm(~, ~).Zm
~=.~ —co

(lo)

The right-hand side of (9) has been derived by virtue of

Parseval’s theorem, since the strip currents and electric

fields are zero in the complementary regions at interfaces

y = D and y = O. The characteristic equation for the angu-

lar resonant frequency can be obtained from (9) by setting

the determinant of the coefficient matrix D(Q) equal to

zero

[D(ti)l=o. (11)

If the basis functions j~~(n, ~) and f~~(n, /3) are cho-

sen such that their inverse Fourier transforms resemble the

actual unknown strip current density and slot field compo-

nents, good results can be obtained using only a few basis

functions [6], [18], [19]. This makes the matrix size of (11)

small, resulting in a necessity for less computer time. It was

also desirable that ~~n( n, /3) and ~~~( n, ~) can be analyti-

cally obtained, so as to reduce computer time. As the

assumption JX(X, z) = O gives good results for a namow

rnicrostrip resonator [6], we set K equal to zero for the

coupled rnicrostrip-slot resonator. Furthermore, only one

basis function has been chosen for each E.(x, z) and

E:(x, z), respectively. This means L = M = N =1. There-

fore, their inverse transforms are

YZ1(X, Z)= J1(X)J2(Z) (12a)

EX1(X, Z)= E1(X).E2(Z) (12b)

EZ1(X, Z)= E3(X).E4(Z). (12C)

The remaining problem is to determine functional forms.

For Jl(x) and .lZ(z), the following functions [6] are as-

sumed for the even-mode resonance of coupled

microstrip-slot resonator:

10, elsewhere

(13a)

IZI<XR
(13b)

elsewhere

resonance, (13a) should be changed

[–

772

J2(z) = Cos2XR‘
10,

For the odd-mode

antisymmetrically.

As far as the slot fields are concerned, the following

simple basis functions have been chosen for the

rnicrostrip-slot resonator and even-mode resonance of the

coupled microstrip-slot resonator:

{

1, O< X<WL

El(x)= –1, –WL<X<O (14a)

o, elsewhere

h
Tz

Izj < x=
E2(z)= Cos 2X.’ (14b)

o, elsewhere

(,
E3(x)= :’

1X1< WL
(14C)

elsewhere

{,
E4(z)= ;’

]Z1<XL
(14d)

elsewhere.

Meanwhile, for the odd-mode resonance, the following

basis functions have been chosen:

El(x) = (14C) (15a)

E,(z) = (14b) (15b)

Eq(x) = (14a) (15C)

E,(z) =(14d). (15d)

The resulting characteristic equation to be solved is a

three-dimensional determinant, as follows:

Now, the boundary value problem is reduced to the

numerical ~eeking for the values of u. The method of

successive bisection [20] has been utilized.
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2k%=D=0.3mm

2XL ‘2XR- 0.1mm
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Fig. 3. Experimental geometries for (a) coupled microstrip-slot reso-
nator, and (b) microstrip-slot resonator.

III. NUMERICAL AND EXPERIMENTAL RESULTS

Experimental geometries for the coupled microstrip-slot

resonator and microstrip-slot resonator are shown in Fig.

3(a) and (b). Microstrips, including input and output

terminals for electromagnetic power, as well as tuning

slots, are shown as solid lines and dotted lines, respectively.

The coupling gap between the resonator and terminal

strips was about 25 pm. An alumina substrate 25 X 25 X 0.3

mm with a relative dielectric constant of 9.6 has been

chosen. The metals were 0.02-pm-thick nickel-chromium

and 4– pm–thick gold. As the experiments were made in

the open, the computation was performed in regard to the.

large shielding walls, with 2A= 30. D and HI= H3 = 10. D,

in order to avoid the effects of the side, upper, and lower

ground planes.

Fig. 4 shows computed and measured resonant frequen-

cies for the microstrip-slot resonator, versus microstrip

length 2 XR. Although simple basis functions are used, the
agreement between the numerical and experimental results

is relatively good. As seen in this figure, resonant frequen-

cies increase as slot width becomes large, which means that

the quantity of electromagnetic-field leakage into the lower

air region increases with slot width.
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Fig. 4. Computed and measured resonant frequencies for microstrip-slot
resonator on alumina substrates versus microstrip length 2 XR. c, = 9.6,
2WR=D=0.3 mm. H1=H3=10D,2A =30 D,and2XL=2XR-0.1

mm.

Fig. 5(a) and (b) shows computed and measured reso-

nant frequencies for the even- and odd-mode resonances of

the coupled microstrip-slot resonator versus coupled micro-

strip length 2 XR. Similar to the case of the microstrip-slot

resonator, it is found that the numerical and experimental

results agree relatively well. These figures show that the

resonant frequencies are, respectively, strongly and weakly

affected by the tuntig slot for the even- and odd-mode

resonances.

The difference in the behavior of the resonant frequen-

cies between the even- and odd-mode resonances implies

the following meanings. For the even mode, there is strong

interaction between the strips and a tuning slot. For the

odd mode, however, intera~tion between the two strips

becomes strong. As a result, slot width affects the even

mode more strongly than the odd mode.

V. CONCLUSIONS

The resonant frequencies of a coupled microstrip reso-

nator with a tuning slot,., or a coupled microstrip-slot

resonator, have been investigated. Furthermore, a numeri-

cal method has been presented for obtaining resonant

frequencies of a coupled microstrip-slot resonator. It was

based upon a hybrid-mode analysis, where Galerkin’s

method in the Fourier transform domain was used. ” The

dyadic Green functions, which are versatile and applicable

to various microstrip-slot structures, were analytically de-

rived to reduce computer time, and have been shown in

simple form.
In regard to the rnicrostrip-slot resonator and even-mode

resonance of the coupled microstrip-slot resonator, the

tuning slot can increase considerably the resonant frequen-

cies. Meanwhile, in relation to the odd-mode resonance,

the effect of the slot is small.
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This Theory APPENDIX

— 2WL=0.0
———__ 2WL= D In the following expressions, subscripts 1, 2, and 3 for i
—-— ~wL=2.D designate regions 1, 2, and 3 in Figs. 1 and 2, while

@Wment k?= a2cipi and y?= k: + f12 – kf
0 2WL ‘0.0
x 2WL ‘D

G1l(n, @,~)=
jsinh (ylHl )

o 2WL =2 D ocl. det “gl

G12(?J, u,~)=
jsinh(yllfl)

ml.det “ g2

,,,~,,

o\\

“\
‘:\

L

8 12 16 20

G14(n,&l,/3)= s~(Yl~J

k:. det “‘4

2XR (mm) d22(n, @, P)=– Gll(n, @,B)

(a)

G23(n, r.d, p)=
sinh ( ylHl )

7“ \

Thts Theory
kf. det “‘6

8
— 2wL = 0.0
—- —-. 2WL = D

G24(n, ti, p)= G13(n, @,p)

-\

—.— 2WL =2 D
$ Experiment

G31(n, @,p)=G23(n, ti, ~)

~fj 0 2WL =0.0 G32(n,~,B)=–~l~(n,@,B)

~ x 2WL =D

c
w ❑

-\

2WL=2.D G33(n, ti, p)= J

%
UP ZYIYZ”det

~5
{

g9

IL
. g7+ g8. tanh(y2D)+

sinh(y2D)cosh(y2D) )
8

~4.

,,,,\,

G34(F3,u,/1)= J
UP2Y1Y2” det

c!!
{

g12
o glo + gll tanh(yz~)+

sinh(y2D)cosh(y2D) }

3- G41(n,@,p)=– G13(n,@,p)

8 12 16 20 ~42(n, @, B)=c14(nj@, P)
2XR (mm)

G43(n, @,g)=– G34(n>o, P)
(b)

Fig. 5. Computed and measured resonant frequencies for (a) even-mode Ga(n, ti, p)= ‘~
resonance, aud (b) odd-mode resonance of coupled microstrip-slot UP 2Y1Y2” det
resonator on alumina substrates versus microstnp length 2 XR. c, = 9.6,
2WR=D=0.3 mm, 2SR=0.06 mm. H1=H3=10 D, 2A=30 D, and

{

I?15
2XL=2XR–0.1 mm. o gls + glgtanh(yz~)+

sinh(y2D)cosh(y2D) }

det = {y2. coth(ylHl). tanh(y2D)+c,yl}
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det = {yz. coth(ylHl).tanh (y~D)+ c,Y1}
[5]

. {y,.tanh(ylHl). coth(y@)+p,y~} ~~1

g~ = ~.yly#~/{cosh(y~@ sifi(y#) } [7]

+ (rk~~~ + k~p2 – k~kj)/{sinh(yl~l) cosh(yz~)}

gs = itw(k; – k:) t~h(w~)/sinh(yl~J
[8]

+ yl(k; – k;)/mh(ylIQ [9]

g6 = (kfB2 + kfk~ – k~k~)/{sinh(ylHl) ”cosh(y2D)}
[10]

g7= dpr(k:-B2)(vry/ + y;)cOth(y3@

+ y;(k; –~2){(#nh(ylHJ+p, coth(ylHJ}] [111

gg= y,[pry;(k; –B2){~, ta~(ylHJ+p, coth(yl~l)} [12]

.coth(y3@+(k; ‘~2)(frPry; + y;)]

g~ = (k; –p2)yly;crpr{th( y1H1)coth(y3H3)+l} [13]

[( 2,glo = knl% I-L, %1-!-Y;+ Y2 Coth(ys%)
[14]

+Y~{~,tanh(ylHl) +p,coth(yl~l)}]

gll = knBYl[PrY;{’rtafi (Yl~l)+Prcoth(Yl~l)}
[15]

.coth(y3H3) +(~,P,y? + Y;)] [16]

gu = %J%&r~r{t*(Yl~J COth(Y3~3) + 1}

g13 = yz[~r(k?– k:)(wry:+ y;)coth(y3~3)

[17]

+ y~(k~– k~){c, tanh(ylHl)+p,coth( ylHl)}] ’18]

glA = yl[P,y;(k; – k?){ @nNy@J+P,coth(y#J}
[19]

.COth(Y3~3)+(k~– k~)(~r~ryf + Y;)] [20]

gls = (k? – k~)yly~~,v,{tafi (yl~l)coth(y3H3 )+l}.
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